The paper presents the coupled electro-mechanical problem. In the numerical analysis of the issue, piezoelectric solid-to-shell transition elements were applied. They combine three-dimensional or hierarchical shell piezoelectric elements with piezoelectric first order elements. The mentioned first order of the element refers to the field of transversal displacements of an element. The mechanical field of the discussed piezoelectric elements may correspond to: the model of three-dimensional theory of elasticity, hierarchical shell models of higher orders or the first order shell model. The electrical field of the potential may be modelled with hierarchical dielectric first order models or higher in transverse direction or with a three-dimensional theory. Effectiveness of modification of algorithms of classical piezoelectric elements was assessed in this paper. To perform such an assessment, curves of convergence of hp method in model tasks are presented. Curves obtained with the use of classical and modified piezoelectric transition elements were set and compared.
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Introduction
Solid-to-shell piezoelectric transition elements are used for combining threedimensional piezoelectric elements with piezoelectric first order elements. The determined first order refers to the mechanical field of transversal displacements of an element. These displacements are linear and elastic, they can correspond to the shell first order model (or higher) or to the three-dimensional theory of elasticity. The electrical field of the potential corresponding to linear dielectricity may be immediately modelled with hierarchical models of first order dielectrics or higher ones or with the three-dimensional theory. Both fields are coupled together through constitutive piezoelectric relations where piezoelectric constants appear. The suggested manner of modelling may be used in the numerical analysis of piezoelectric transducers (sensors and actuators) (Preumont, 2002; Preumont, 2006) .
Piezoelectric transition models
A transitional nature of the elastic field of displacements may correspond to three approaches. The first one, a classical approach was discussed in (Zielińska and Zboiński, 2018) . The second option (Nosarzewska and Zboiński, 2009 ) of the transition element in the mechanical approach was discussed in (Zielińska and Zboiński, 2011) . While, the third improved option of the transition element was presented in (Zielińska and Zboiński, 2018) .
Classical piezoelectric transition model
The first (classical and the simplest) approach to the transitional nature of the mechanical field assumes the continuity of the displacement field on the boundary of basic models (three-dimensional or hierarchical and the first order ones) and the transition model. This approach also assumes the continuity of the condition of lack of elongation of straight lines to the middle surface on the boundary of shell and transition models. This condition is mandatory which results in occurrence of the internal boundary layer.
In the classical case, in the piezoelectric transition model, the following constitutive relations are obligatory: 
In the equation (1) of the mechanical field, values σi'j' and εi'j', i',j' = 1,2,3, are stress tensors and strains in the local system of the shell. In this system, two first directions are longitudinal and the third one is transverse. E and ν constants are Young modulus and Poisson ratio. Equation (1) is coupled with equation (2) of the electrical field through piezoelectric constants (Preumont 2002 , Preumont 2006 at the constant strain Ck'i', k' = 1,2,…,6, i' = 1,2,3, corresponding to the local system of the piezoelectric shell. In the equation (2) values Ei' and di', i' = 1,2,3, are components of the vector of an electric field, while γi'j', i',j' = 1,2,3 are dielectric constants at the constant strain (Preumont 2002 , Preumont 2006 , defined in the local system.
Modified classical piezoelectric transition model
The second (modified) approach to the transitional character of the mechanical field was presented in (Zielińska and Zboiński, 2019) . In this approach, except for assumptions that are mandatory in the classical approach, continuity of the field of stresses between basic models was assumed. This was obtained through a variable definition of elastic constants in the transition model which corresponds to the transition from the shell to three-dimensional state of stresses.
In case of piezoelectric elements, due to coupling of the mechanical and electrical field, applicable conditions in the mechanical model also modify electrical fields, i.e.: 
A variable character of the elastic constants was included by introduction of a corrective function of transition α to the constitutive equations (3)-(4). This function assumes value 0 in the shell first order elements and on the edge of the shell part of the transition model, while value 1 for the three-dimensional element. In the transition part, intermediate values from the range (0,1) are assumed.
Numericl analysis
Numerical tests were carried out by analysis of piezoelectric square plate with the side l and thickness t, clamped along four lateral sides, and loaded with a constant vector of superficial forces p ( fig. 1) . A symmetric nature of geometry, loading, and boundary conditions enabled to include in calculations only a fourth part of the structure. Due to a transverse nature of the loading, the plate has a bending-dominated nature (predominance of bending strains).
Figure 1. Loading and manner of supporting the square plate
The electrical field of the piezoelectric plate corresponds to the grounding of the side surfaces. On the top surface of the piezoelectric plate there are external surface charges of the constant value c. Symmetry of the electric field enables analysis of the quarter of the plate similarly as in case of the mechanical field.
In the presented part of the numerical analysis, a regular mesh of prismatic elements was applied ( fig.2) . The structure includes the following mechanical models: threedimensional (3D -yellow, orange), Reissner-Mindlin shell model (RM -blue colours) and a transition model (TR ≡ RM/3D -green). In the electrical field only one dielectric model of a hierarchical nature was applied. It was marked with (EJ) symbol. The mentioned models were presented in the papers (Zboiński, 2001; Zboiński, 2016; Zboiński, 2018) . On the left side of the figure, mechanical models (3D, RM/3D, RM) were presented, while on the right side, the corresponding piezoelectric models (EJ,3D; EJ, RM/3D; EJ, RM). Division into zones that correspond to particular models was carried out parallel to the lateral sides with a variable participation of the shell and the three-dimensional parts in the complex structure.
Figure 2. Symmetrical quarter of the complex piezoelectric structure

Convergence of the solution in model problems
Convergence of the numerical solution was presented in the form of the so-called curves of convergence. These curves were formed by drawing a graphic relation between a real error of approximation of the solution, determined as an energy difference ( -), and the number of degrees of freedom N at the fixed division of the mesh and a variable order of longitudinal approximation, = 1,2, … ,8. Transverse and longitudinal orders of approximation, both in the mechanical and electric field, were the same. In the numerical analysis, a determined value of the transverse order of approximation corresponding to the mechanical model in the element was used i.e. = 1 or = 2. In the difference of energies, denotes electro-mechanical potential energy which constitutes the reference, while means electro-mechanical potential energy from a particular calculation case. The potential energies are defined here as equal to strain energy reduced by energy of the electric field and energy of electro-mechanical coupling. As it is impossible to obtain an accurate value of the reference energy, we will assume it as corresponding to the value of the best numerical solution.
Particular curves of convergence (Fig. 3) correspond to the raising participation of the piezoelectric shell element (RM) in the three-dimensional (3D) piezoelectric structure. It is accompanied by a change of the transverse approximation order from the value = 2, applicable in the three-dimensional and transition part (TR), to the value = 1 corresponding to the piezoelectric shell Reissner-Mindlin model. Particular points of given curves correspond to the variable number of degrees of freedom that depend on the assumed order of longitudinal approximation in the structure ( = 1,2, … ,8).
In figure 3 and 4, a curve marked with violet (_1) corresponds to a mesh with two shell elements in the structure. A light blue curve (_2) is a curve with 8 shell elements in the structure. In turn, an orange curve (_3) corresponds to the plate structure with 18 shell elements. Convergence of solution (curves slope) in case of complex (mixed) models with participation of transition elements are similar to curves for the basic three-dimensional model of piezoelectric theories. Three-dimensional elements (more precisely, identical to hierarchical shell elements MI with order = ) located on lateral sides, and subject to presence of the external boundary layer phenomenon, decide on the convergence in each analysed case (Miazio, 2002) . In case of Reissner-Mindlin basic model, this phenomenon does not occur and thus there is a difference of the corresponding convergence curves in this case.
Moreover, analysis of the above two sets of curves enables to notice that in case of the use of the modified piezoelectric transition element (Fig. 4) systematisation of the curves course took place in comparison to the case when the classical model was used (Fig. 3) . The introduced modification caused that the curves obtained for the complex models of the plate (including transition models) do not cross with each other and with curves of the structures modelled by means of basic models. Moreover, curves of complex models are located between curves of basic models of the plate only when modified transition elements are applied. We may notice that changes introduced in these elements, in comparison to the version of the element stabilise numerical algorithms of transition elements.
Figure 5. Curves of convergence − comparison of convergence
In order to present the improvement of convergence more precisely, one curve obtained for the mixed structure, presented in figure 2, was selected. A curve obtained at application of the classical piezoelectric transition element is marked in figure 5 with blue (marked as Electro-mechanical potential energy W1 on the graph). Whereas, a brown curve (marked as W2) corresponds to application of the modified piezoelectric transition element.
Conclusion
Based on the numerical analysis that was carried out, we may conclude that the classical version of the piezoelectric transition element ensures continuity of the field of displacements on the boundary between mechanical basic models and a transition element and continuity of the field of the potential in the electric field. It required to include ReissnerMindlin relations not only in the shell element but also in the shell part of the transition element. The classical piezoelectric transition model does not guarantee the continuity of the strain and stresses fields on the boundary between the shell a transition models due to different constitutive constants in the transition model and in the three-dimensional element.
The modified piezoelectric transition model, such as applied in the classical element, ensures continuity of the transition field and continuity of the field of potential on the boundary between mechanical basic models and the transition model, similarly as in the case of the classical element. Modifications introduced to the transition element guarantee continuity of the field of stress on the boundary between the shell and transition model.
We may conclude, based on the analysis of convergence of the solution, that due to the modified transition model, curves were ordered with regard to cases based on the basic models, which was not guaranteed by application of the classical piezoelectric transition element. Moreover, we may observe a slightly higher convergence of the solution for the discussed issue of the piezoelectric plate in case of application of the modified transition model instead of the classical model.
